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Abstract

We consider the initial value problem on the circle for a cubic nonlinear schrodinger equation governed by a higher-order
even dispersion operator D* with an even integer exponent a>2. Our main result proves that the uniform radius of spatial
analyticity o (t) survives over time, satisfying a lower bound decay rate of c|t|! for a positive constant c. To overcome the
derivative losses and track the evolution of the analytic radius, we construct a higher-order almost conservation law in
Gevrey spaces. The analytical framework incorporates Duhamel’s formula, Strichartz estimates for the linear wave,
trilinear estimates, Plancherel’s identity, Holder’s inequality, and Sobolev embeddings.
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1. Introduction

Consider the Initial Value Problem (IVP) for the cubic
Nonlinear Schrodinger (NLS) equation with higher-order
even dispersion on the circle T = R/2nZ

id.u+ D% = |ul?u,

(a-NLS) {u(x, 0) = uy(x),

where o > 0 and u := u(x, t ) is a complex-valued function.
The operator D% = (—92)%/? is defined via the Fourier
transform by F (Da f)(§) = |§|a £(§).

The mass and energy functionals, which are conserved by
the flow of (a-NLS), are de-fined as:

(1.1) M(t) = f; ul* dx,

1.2) E(t) = fT|D"‘/2u|2dx +%f1r |ul* dx.

The fractional Schrodinger equations were first
introduced in the theory of the fractional quantum
mechanics, where the Feynmann path integral approach
is generalized to a-stable Levy process [1]. Different
choices of a represent different physical contexts. For
example, for ¢ = 2, the equation is the cubic NLS equation
which appears to be an important model in the study of
nonlinear optics, fluids and plasma physics [2] . For ¢ = 3,
equation (a-NLS) becomes the third-order NLS (3NLS)

equation, which is a mathematical model for nonlinear
pulse propagation phenomena in various fields of physics,
especially in nonlinear optics [3][4] . For ¢ = 4, equation
(a-NLS) corresponds to the cubic fourth-order NLS
(4NLS) and has applications in the study of solitons in
magnetic materials [5][6]. We also note that fNLS for
0<a<?2 arises in various physical settings

[71[8][91[10].

The cubic fNLS is well-posed in H® for s > 1_Ta and ill-

posed in H® for s < 1_7'1 For instance, for the cubic NLS
(i.e. (a-NLS) with &« = 2) on p = R or T, Christ-Colliander-
Tao [11] and Kishimoto [12] proved the ill-posedness of
(a-NLS) in the sense of norm inflation in H¥(M) for
s < —%; see also [13][14]. Indeed, in [15], Choffrut-
Pocovnicu proved norm inflation of (a-NLS) on M = R or
T above s.: when a > 2, norm inflation of (a-NLS) holds
in HS(M) for s < %, which is above s, = 1_7'1 given that

a > 2.

There are also results for other types of ill-posedness of
(a-NLS) above the scaling critical regularity. For example,
for the cubic NLS (i.e, @ = 2) on T, Christ-Colliander-Tao
[16] and Molinet [17] showed failure of continuity of the
solution map in H*(T) for s < 0. Moreover, Guo-Oh [18]
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and Oh-Wang [19] proved the non-existence of solutions
of the cubic NLS (a = 2) and 4NLS (a = 4) on T if the

initial data lies in H*(T)\L?(T), where s € (— %, O) and

9 .
S E (—%, O), respectively.

In [20], Brun et al studied the cubic fractional
Schrodinger equation (a-NLS), and established local well-

posedness in H*(R) for s > ZTT‘Z with ¢ > 2 and in H5(T)
for s > Z_Ta was established. Furthermore, they extended
these local solutions globally in time for s > ZTTQ on the

. 2—
line and for s > Ta on the torus.

The main concern of this paper for the cubic fNLS (a-NLS)
is to study the spatial analyticity of the solution u(x, t). In
particular, we consider real analytic initial data u,(x)
with a uniform radius of analyticity g, > 0, so that there
is a holomorphic extension to a complex strip

Sg = {x +iy € C:|y| < gp}.

The question is then, is the solution u(x,t) of (a-NLS)
analytic in S for all times t? The novelty of this work
lies in the extension of the persistence of spatial
analyticity to higher-order even dispersion (a = 4) on the
torus. While the case a = 2 is well-understood [21], the
higher-order dispersion introduces significant technical
difficulties. Specifically, the derivative losses in the error
terms of the almost conservation law are more severe,
requiring a more refined multilinear analysis in Gevrey-
Bourgain spaces. We overcome these difficulties by
establishing a higher-order almost conservation law and a
rigorous global extension argument that ensures a
uniform time step.

The study of the global analyticity of nonlinear partial
differential equations (PDEs) was first initiated by Kato
and Masuda [22]. Since then, many scholars have devoted
much effort to obtaining global analytic solutions for a
number of nonlinear PDEs (see, e.g., [23][24][25][26] and
the references therein). In particular, the global
analyticity of (a-NLS) was investigated on the real line in
[27] for @ = 2, in [28] for a =4, and in [29][30] for
a = 3. Moreover, on the circle, Tesfahun [31] studied the
persistence of spatial analyticity for the case a = 2.

The Gevrey space G%° : = G°°(T) forc > 0 and s € Ris

defined as follows

I f 1Zos= Z 2 (ky5|F ()| (0= 0,5 € R)

KEZ

where (k) = (1 + |k|?)™/? and f denotes the spatial
Fourier transform given by

HOE " fydx (k€ D),

ik

So the inversion formula reads

1 IR
F0) == e k)

KEZ

and we have Plancherel’s identity

dx= ) f)g).
[CHCEEPWICHE

KEZ

For ¢ = 0 this space reduces to the Sobolev space
H® := H5(T), with norm

1 f Wsn= ) (kY| FGO",

KEZ

while for ¢ > 0, any function in G°°(T) has a radius of
analyticity of at least o at each point x € T as the
following theorem states whose proof is given for s = 0 in
[32] applies also for s €R with some obvious
modifications.

Paley-Wiener Theorem: Let ¢ >0 and s € R. A 27m-
periodic function f(x) belongs to G?*(T) if and only if it
is the restriction to the real line of a function F(x + iy)
which is 2m-periodic in x, holomorphic in the strip

S, ={x+iy:|y|l <a},
and satisfies the bound

sup Il F(x + iy) llysm< oo.

lyl<o

We note the following embedding property of the Gevrey
spaces:

(1.3) G%S & G forall 0 <o’ <o ands,s’ € R

In particular, setting ¢’ =0, we have the embedding
G% & G5 forall 0 < o and s, s’ € R. As a consequence of
this embedding property and the existing well-posedness
theory in H°(R), the IVP (a-NLS) with initial data
Uy € G%° (for all o, > 0 and s € R) has a unique, global-
in-time solution.

Theorem 1.1 (Lower bound on the radius of spatial

analyticity). Let u, € G°”2z for o, >0 and any even
integer a > 4. Then, the global solution u of (a-NLS)
satisfies

u(t) € G2 forallt e R,
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where the radius of analyticity o:=o(t) satisfies the
asymptotic lower bound

(1.4) o=c|t|™t as|t] - oo,

for a constant ¢ > 0 depending on || u, |l 2
G902

This paper is organized as follows. In Section 2, we
introduce our notation, the relevant function spaces, and
various estimates. Morovere, we present the local well-
posedness result. Finally, in Section 3, we prove an almost
coservation law and the main result stated in Theorem
1.1

2. Preliminaries

In this section, we discuss notations, function
spaces, and some relevant preliminary estimates.

2.1. Notations and Function Spaces

Fora,b > 0, we write a S b (resp. a ~ b) to mean there is
a positive constant C such that a < Cb (resp. C™'h < a <
Cb). Moreover, we use a+ to mean a+ e for some
constant € > 0.

For s,b € R, the Bourgain space is denoted by XS? =
XS$P(R x T), which is defined by the norm

l e lgso= (Brez fi ¢ kY25 + k%2 |ai(r, k) |2dr) ",

Where ii(7, k) is the space-time Fourier transforms given
by

1 f
i(t, k) = ﬂf fe"("x”t) u(t,x)dxdt (k €Z,t € R),
R JT
whose inversion reads

(21) u(t, %) = 5= Tiez fp e @™ a(r, k)dr.

Moreover, for any time § > 0, we define the following
restricted space:

IIu "x§"’ c=1inf{ll v llysp:v =uonT x (0,6)}.
For ¢ > 0 and s,b € R, we define the Gevrey-Bourgain

space X%P :=X9%P(R x T) as the completion of the
Schwartz space with respect to the norm

(22) 1t llgoso=ll e781E) (T + €19 105, D] Nz,

Additionally, for § > 0, we denote the Gevrey-Bourgain
space restricted in time by XJ*”, with the norm defined
as

I llygso=inf {Il v llyoso:v = won T x (0,8)}

When o = 0, we recover the standard Bourgain spaces:
X0sb = xsb and X7 = X3P,

2.2. Preliminary Estimates

Consider the IVP for the linear Schrédinger equation with

higher- order even dispersion:

2.3) {iatu+D“u=F, x€T, teR,

u(x,0) = uy(x),

for given u, € G™(T) and F € XJ*"~" with ¢ >0,s €
R,1/2<b <1 and 0 <4 < 1. The solution of (2.3) is
given by the Duhamel’s formula:

u(t) = Suy — ijts (t —tHF(thdt',
0

and satisfies the following energy estimates:
(2.4) I S(t)ug IIXg.s,b Sl ug llgos,

t ! ! !
(2.5) I f, S (t—tHF()Hdt ||Xg,s,b <IF ||Xg,s,b_1.

|a/\

where S(t) is unitary group given by S(t)u, = e 11" 75 .
We also recall the following L*-Strichartz estimate from.
(2.6) Il u IILg'x(RxT)S Cllullyop

forallu € X%? with b Z%anda >,

Foro > 0,s € Rand —1/2 < b < b’ < 1/2, we have
br—b

(27) " u ”Xg,s,bs céd ” u "Xg,s,bl,

(28) I XU ”er.s,bS Cllu ”Xg,s,b;

where y o) is the characteristic function of (0,45), and C
is a positive constant depending only on b and b’. The
proof for the case o = 0 can be found in [33], while for
0>0, the X%P-estimates follow easily by the
substitution u — e®/Ply from the properties of standard
XSP-spaces (and their restrictions).

The following trilinear estimates will be key ingredients
in the proof of local existence and almost conservation
law.

Lemma 1. Let U denotes u; or G;. Forc > 0 and b > 1/2
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we have the estimates

3 3
(2.9) 1_[ uy| =<c 1_[ 1 WLy,
j=1 x0-b j=1
3 2
(2.10) [Tol  =sc]]nwnmmnuno
j=1 Ly =1
3 3
2.11) 1—[ U, <c| {1y oo
j=1 X910 j=1

Proof. By duality, the estimate (2.9) is equivalent to
proving that for any function u, € X®?(T x R),

4
f f 0, UyUst dt dx| < € [ lyo.
T /R it

By Holder’s inequality and (2.6), we have

4
f f Ul U2U3L_L4 dt d.x S n " u] "L4 S
TR o t.x

4 3
| ||| i llyob< c| | 1w llop-
j=1 j=1

Similarly, for u, € LZ,(T X R), (2.11) reduces to

T /R

<ClI Uuq ”Xl,b” U, ”Xl'b” Us ”Xo,b” Uy "L%'x(’]I‘x]R)'

We recall the following Sobolev embedding:

1 it
WSP(T) & L1(T) whenever s > 5 — a

To reach g = oo, we set % = 0, which yields the threshold

s >%. For p =4, this confirms that s >i is required.

Applying the standard 1D Sobolev embedding directly
yields

hullesilu IIW;.4=II (D, )Yu lla.
. 1 .
Sinces =1 > o we obtain

(212)  Nullesh (Dyulla.

By Holder’s inequality, (2.12), and (2.6), we have

T /R

<ty Wyl g Nyl g Ngorll g Nz,
<D My 4D Mg I g Mol oy Nz
<

<Il uq "X1,b" U, "X1,b” Us ”Xo,b” Uy ”L%,x

< C 1wy Nyganll wy lganll us Nlyop.

Finally, since k =k, + k, + k3, the standard triangle
inequality for absolute values implies

3
K1 < iyl + Vel + Ths] = 1kl = ) Jig < 0.
=

Since o > 0, multiplying by o and taking the exponential
yields

213)  eo(k=Sialyl) < 4,

Thus, taking the space-time Fourier transform and using
(2.13), proving (2.11) for u, € X*? reduces to

3 4
| | U] < | | " uj "X1,b.
j=1 j=1

By Plancherel’s identity, this further reduces to
3
<c] [y iy
j=1

This, in turn, follows from (2.10) because the estimate
(2.10) holds for arbitrary functions. (2.9)

x10

To prove the almost conservation law we need the
following estimate whose prove can be found in.

Lemma 2. Let >0 and Kkiy,k, ks €EZ such that
k = k; —k, + k;. Denote the minimum, medium and
maximum of {|k,|, |K;|, |kz|} by Kmin, Kmeq and K.y, then
the following estimate holds:

1 — e~o(Z=alal-) < 126k,
2.3. Local Well-Posedness Result

Following the arguments presented in, applying a Picard

iteration in the Xg's'b-space, and using the estimates (2.7),

(2.4), (2.5) along with the trilinear estimate (2.11) on the
iterates, one obtains the following local result.

Theorem 2.1. Leto > 0, and let a > 2 be an even integer.
For any u, € G®2z(T), there exist a time

6=28 (II up ll ,« ) > 0 and a unique solution
Go2(T)

uecC <[0, 8]; Gc‘%(’ﬂ")) to the IVP (a-NLS) on T X [0, 8].
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—a
Moreover, § = ¢, <1+II ug |l Gg( )) for some constants
Goz(T

a, ¢y > 0 depending only on a ando. In particular, this
argument gives the solution bound

(2.14) lull ,a,
X2

<Cllu a
8 I g

T)

where C > 0 depends only on b.

3. Almost Conservation Law and Proof of
Theorem 1.1

In this section, we first prove an almost conservation law
and then establish the main result of this paper stated in
Theorem 1.1.

3.1. Almost Conservation Law

In this subsection, we derive an almost mass + energy
conservation law for the function

v, (x,t) : = e Pxly(x, 1),

where u is a local solution to (a-NLS), which in turn
implies that u(x, t) = e °'Pxly_(x,t). To do this, we define
a modified mass + energy functional associated with the
function v, by

1 2 a 21 4
3.1) Eg(t):zzf <|va| + D2y, |+ 1wl )dx.
T

For o = 0, we have e¢°!¢! = 1, and hence we obtain

Eq(t) = M(t) + E(t) = M(0) + E(0) = Ey(0), Vt.
This corresponds to the conserved mass + energy
quantity.

However, this quantity fails to be conserved in time for
o > 0, and we will prove that it is almost conserved by
establishing a growth estimate. To do this, we first apply
the operator cosh(a|D|) to the NLS equation in (a-NLS).
Then, the function v, satisfies the equation

(3.2) id.v, + D%, = |v,|*v, + K(v,),
where K (v,) is given by

(33) K(v,):=— (Ivlzv — 0104l (|e'”|Dx|v|ze"’|Dx|v)).

Differentiating E, (t) with respect to t, and applying (3.2),
(3.3), and integration by parts?, we obtain

dE(t)
dt °

a a
= 2ReJ. (v_datvd + D2v;D2 0,v,
T

+ v 1?5 atva> dx

(3.4) = 2Ref 0¢ Vg (v,, + D%y, + Ivalzvo) dx
T

= —2Re iJ-(—D“vU + vy 1%,
T

+ K(va)) (v(, + D%y, + |v(,|2v,,) dx

= ZIme (vy) (v(, + D%y, + Iv(,lzv,,) dx.
T

Integrating (3.4) in time and using the self-adjointness of

D%, we obtain
(35) Ecr(t) = EO'(O) + Io"(t):

where
3.6) I,(t):=2I Vg - K(vs
36) I,(t):=2Im j f Ko © (v )

a a
P DEUO’ < DiK(vo') P |U0-|2%

. K(v,,)) dxdt

for K (v,) is as in (3.3)

Lemma 3. (Multilinear Estimates for K(v,)). For a = 4
and b > 1/2, we have:

(3.7) I K(vo) Nz S 0 1l Vg 10,

(3.8) I DY2K (V) llgo-bS 0 Il Vg Iaszp-

Proof of Estimate (3.7) Taking the space-time Fourier
transform of K(v,), we have

Rw)( k) =

{1 — e_a(2?=1|kj|—|k|)}

3
k=kq—ky+ks R

U5 (T4, k1) V5 (T2, k)05 (73, k3) dp
where dyu is a surface measure given by

k_k1+k2_k3

S —— ) dridt,drs.

du=6<
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Thus, we are summing over ki, k, ks € Z with the
constraint k; —k, +k; =k and integrating over
kty,7,,73 € Rsuchthatty — 7, + 73 = 7.

Using Lemma 2, we obtain
|[K(w,) (T, k)| < 120

Yk=ky—kp+ks Jga Kmed [V (T1, kO3 (T2, k) |05 (73, k3)| du.

We can assume that v, and all its partial derivatives tend
to zero as |x| — oo (see the detailed argument in [2]).

Let w;(t;, k;) = |5 (7j, k;)|. By symmetry, we may
assume |k,| < |k,| < |ks|, and hence k.,.q = |k,|. So, using
symmetry, (2.10) and Sobolev embedding, we obtain
(RCHN S

= IR )@ Il 22

Il 1]
Il - ~ ~ il
= H Z J-3|k3|W1(T1»k1)Wz(Tz'kz)W3(T3'k3)dﬂ”
Il R [

k=k;—k,+ks3 lL%ei
S o llwy-wy - [Dylws "L%,x
S ol wy gl wy llyasll [Dylws llyon
Sollv IPe,. (3.7)
X2

Proof of Estimate (3.8). Using a similar argument as in
the proof of estimate (3.7), symmetry, (2.9), and Sobolev
embedding, we obtain

4
Il DZK (vy) llyo-b

= |IkIZ ¢z + kPR (w,) (z, k)

L2302
So

~

(T +k?)
k=kq—ko+ks

a
f3|kz| Fe3 |2y (T4, k1 )W, (72, k2 ) W3 (T3, k3) du
R

2
L36%

[24
~ 0 | wy - [Dy|wy - [Dy|2ws3 lIxo-»
[24
S o l wy Nyl [Dywy llyonll [Dy|Zws llyob

a,. (3.8)

3
Sollvsll
X2

After all, by applying Holder’s inequality, using the
estimates in Lemma 3 for the quantity I,(t) defined
in (3.6) and (2.10) and employing Sobolev embedding, we
obtain

I(8) S1 g iz qos1xmll KWe) N2 _o.51xm)

+Hi v, 12, 12 qos1xm I K(Wa) 12 o.61m)

a a
+11 DZv, Il osll DZK (V) lly0-b
s s

2 4
= a<1+u v, | %) vy I,
2’ 2’

X5 X5

Zb
That is, for all u EX;2 with b >§,0 <d<1lando >0,

we have
(3.9) I(t) < 0<1+|I Vg "2%) v, I*a,.
xZ xZ
5 S5
From (2.14), we have

(3.10)

lvg ll ap=llull ;a, <Cllugll ;a2 ~Clvg(-,0)1l « .
a Xg'b X;'E'b 0 G”‘f(’ﬂ‘) a( ) HZ(T)

On the other hand, following from the fact that
(a+ b)P < 2P(aP + bP) for a,b = 0, and applying this to
our case wherep = %and p = 2 respectively:

a
10, .0) 1P = Z(k)ziwg(k, 02
H2(T)

Kk€EZ

<cy 2% (14 k@) 15, 0012

KEZ

Z
< cf (Iv(,(x,O)IZ +|p2v,x, 0| )dx
T

< CE,(0),

which in turn implies

(3.11) Il v,(-,0) ||H%ms CVE(0).

Hence, (3.11) combined with (3.10) gives

(312)  lvll a,< CVE;(0).
X5

Finally, in view of (3.12), (3.9), and (3.5), we get

(3.12)  E,(t) = E,(0) + Ca(1 + E,(0))EZ(0),

which is an almost conservation law for the IVP (a-NLS).
3.2. Proof of Theorem 1.1

Let u(-,0) € G2°°(T) for some o, > 0 and for any even
integer a > 2. This implies v, (-,0) = e%IPly(-,0) € Hz.
Then, by the Sobelev embeddings?, we have

E,(0)

1 2 1 4
=5 175, (-,0) ||H%m+ 54 105, (0 gy

This journal is © ijdst 2026

Int. J. Dev. Sci. Technol. 2 (3) | 6

This work is licensed under a Creative Commons Attribution 4.0 International License (CC BY 4.0)



RESEARCH

International Journal for Development of Science and Technology

1
S S0 I2a +C g, (-,0) I*a

2 HZ2(T) H2(T)
< 0o,

Now following the argument in, we can construct a
solution on [0,T] for arbitrarily large time T. This is
achieved by applying the approximate conservation (11),
so as to repeat the local result on successive short time
intervals of size § to reach T, by adjusting the strip width
parameter o € (0, g,] of the solution according to the size
of T. To achieve this first note that by (3.13) and using the
fact E;(0) < E;,(0) which holds for 0 <g, as e* is
increasing for x > 0, we obtain

(3.14) sup E,(t) <E,(0)+ca[l+ E;(0)]EZ (0)

0<t<T,

< E,,(0) + ca[1 + E,, (0)]EZ,(0)
for some T, € (0, §]. Thus,

(3.15) sup E,(t) < 2E;,(0)

0<t<T,
2Since a/2>2 for a >4, the Sobolev embedding
H%'? o L* is well-defined with a constant C, independent
of o. Specifically, HY*(T) o L*(T) is the critical
embedding, and our regularity a/2 exceeds this for all
a =4

provided that

21) co[1 + E;(0)]EZ, < Eq, (0).

Next, we apply the local theory with initial time t =T,
and time-step size § to extend the solution from [0, 7] to
[t,7 + &8]. By (3.13) and (3.15), we obtain

(3.16)  sup E,(t)

6st<Tp+8

< E,(Ty) + ca[1 + 2E,,(0)] (ZEUO(O))Z.

Proceeding this way, we can cover all time intervals [0, 6],
[6,26], [26,38], and so on and then apply induction to
establish

(3.17) sup E,(t) < 2E,,(0) foro = T,

0<t<T

where ¢ > 0 depends on E (0). This would in turn imply

sup lu@®) Il e« <ooforo=>cT™t.
OSCET ©® H2(T)

This completes the proof of Theorem 1.1
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